A world sheet in Lorentz-Minkowski space is a timelike submanifold consisting of a one-parameter family of spacelike submanifolds in Lorentz-Minkowski space. In this paper we investigate differential geometry of world sheets in Lorentz-Minkowski space as an application of the theory of big wave fronts.
Introduction
In this paper we consider differential geometry of world sheets in Lorentz-Minkowski space. A world sheet is a timelike submanifold consisting of a one-parameter family of spacelike submanifolds in a Lorentz manifold. Since we do not have the notion of constant time in the relativity theory, we consider one-parameter families of spacelike submanifolds depending on the time-parameter (i.e., world sheets). In this case, the spacelike submanifold with the constant parameter is not necessarily the constant time in the ambient space. If we observe a surface in our space, then it is moving around the sun. Moreover, the solar system itself is moving depending on the Galaxy movement. Therefore, even if it looks a fixed surface (for example, a surface of a solid body) in Euclidean 3-space, it is a three dimensional world sheets in Lorentz-Minkowski 4-space. Moreover, there appeared higher dimensional Lorentz manifolds in the theoretical physics (i.e., the super string theory, the brane world scenario etc.). So we consider world sheets with general codimension in general dimensional Lorentz-Minkowski space. In [11] lightlike flat geometry on a spacelike submanifold with general codimension has been investigated. Their method is quite useful for the study of the geometry of world sheets.
On the other hand, Lorentz-Minkowski space gives a geometric framework of the special relativity theory. Although there are no gravity in Lorentz-Minkowski space, it provides a simple model of general Lorentz manifolds. In this paper we investigate the lightlike geometry of world sheets in Lorentz-Minkowski space with general codimension from the view point of the contact with lightlike hyperplanes. The natural connection between geometry and singularities relies on the basic fact that the contact of a submanifold with the models of the ambient space can be described by means of the analysis if the singularities of appropriate families of contact functions, or equivalently, of their associated Lagrangian/Legendrian maps. For the lightlike geometry the models are lightlike hyperplanes or lightcones. The lightlike flat geometry is the lightlike geometry which adopts lightlike hyperplanes as model hypersurfaces. Since we consider world sheets (i.e., one parameter families of spacelike submanifolds), the models are families of lightlike hyperplanes and the theory of one parameter bifurcations of Legendrian singularities is essentially useful. Such a theory was initiated by Zakalyukin [16, 17] as the theory of big wave fronts. There have been some developments on this theory during past two decades [5, 6, 8, 9, 10, 18, 19] . Several applications of the theory were discovered in those articles. For applying this theory, some equivalence relations among big wave fronts were used. Here, we consider another equivalence relation among big wave fronts which is different from the equivalence relations considered in those articles. This equivalence relation is corresponding to the equivalence relation introduced in [2, 3] for applying the singularity theory to bifurcation problems.
In §2 basic notations and properties of Lorentz-Minkowski space are explained. Differential geometry of world sheets in Lorentz-Minkowski space is constructed in §3. We introduce the notion of (world and momentary) lightcone Gauss maps and induce the corresponding curvatures of world sheets respectively. In §4 we define the lightcone height functions family and the extended lightcone height functions family of a world sheet. We calculate the singular points of these families of functions and induce the notion of lightcone pedal maps and unfolded lightcone pedal maps respectively. We investigate the geometric meanings of the singular points of the lightcone pedal maps from the view point of the contact with families of lightlike hyperplanes in §5. We can show that the image of the unfolded lightcone pedal map is a big wave front of a certain big Legendrian submanifold. Therefore, we apply the theory of big wave fronts to our situation and interpret the geometric meanings of the singularities of the unfolded lightcone pedal map in §6.
Basic concepts
We introduce in this section some basic notions on Lorentz-Minkowski (n + 1)-space. For basic concepts and properties, see [14] . Let R n+1 = {(x 0 , x 1 , . . . , x n ) | x i ∈ R (i = 0, 1, . . . , n)} be an (n + 1)-dimensional cartesian space. For any x = (x 0 , x 1 , . . . , x n ), y = (y 0 , y 1 , . . . , y n ) ∈ R n+1 , the pseudo scalar product of x and y is defined by x, y = −x 0 y 0 + n i=1 x i y i . We call (R n+1 , , ) Lorentz-Minkowski (n + 1)-space. We write R n+1 1 instead of (R n+1 , , ). We say that a non-zero vector x ∈ R n+1 1 is spacelike, lightlike or timelike if x, x > 0, x, x = 0 or x, x < 0 respectively. The norm of the vector x ∈ R n+1 1 is defined to be x = | x, x |. We have the canonical projection π :
Here we identify {0} × R n with R n and it is considered as Euclidean n-space whose scalar product is induced from the pseudo scalar product , . For a non-zero vector v ∈ R n+1 1 and a real number c, we define a hyperplane with pseudo normal v by
We call HP (v, c) a spacelike hyperplane, a timelike hyperplane or a lightlike hyperplane if v is timelike, spacelike or lightlike respectively.
We now define Hyperbolic n-space by
and de Sitter n-space by S
We define
and we call it the (open) lightcone at the origin. In the lightcone, we have the canonical unit spacelike sphere defined by
We call S n−1 + the lightcone unit (n − 1)-sphere. If x = (x 0 , x 1 , . . . , x n ) is a lightlike vector, then x 0 = 0. Therefore we have
It follows that we have a projection π
, where e 0 , e 1 , . . . , e n is the canonical basis of R n+1 1
World sheets in Lorentz-Minkowski space
In this section we introduce the basic geometrical framework for the study of world sheets in Lorentz-Minkowski (n + 1)-space. Let R n+1 1 be a time-oriented space (cf., [14] ). We choose e 0 = (1, 0, . . . , 0) as the future timelike vector field. The world sheet is defined to be a timelike submanifold foliated by a codimension one spacelike submanifolds. Here, we only consider the local situation, so that we considered a one-parameter family of spacelike submanifolds. Let X : U ×I −→ R n+1 1 be a timelike embedding of codimension k −1, where U ⊂ R s (s+k = n+1) is an open subset and I an open interval. We write W = X(U × I) and identify W and U × I through the embedding X. The embedding X is said to be timelike if the tangent space T p W of W is a timelike subspace (i.e., Lorentz subspace of T p R n+1 1 ) at any point p ∈ W . We write S t = X(U × {t}) for each t ∈ I. We have a foliation S = {S t |t ∈ I} on W . We say that S t is spacelike if the tangent space T p S t consists only spacelike vectors (i.e., spacelike subspace) for any point p ∈ S t . We say that (W, S) (or, X ) is a world sheet if W is time-orientable and each S t is spacelike. We call S t a momentary space of (W, S).
where we write (u, t) = (u 1 , . . . , u s , t) ∈ U × I, X t = ∂X/∂t and X u j = ∂X/∂u j . We also have
Since W is time-orientable, there exists a timelike vector field v(u, t) on W [14, Lemma 32]. Moreover, we can choose that v is future directed which means that v(u, t), e 0 < 0.
(cf., [14] ). On the pseudo-normal space N p (W ), we have a (k − 2)-unit sphere
Therefore, we have a unit spherical normal bundle over W :
On the other hand, we write N p (S t ) as the pseudo-normal space of
. On the pseudo-normal space N p (S t ), we have two kinds of pseudo spheres:
We remark that N p (S t ; −1) is the (k −1)-dimensional hyperbolic space and N p (S t ; 1) is the (k − 1)-dimensional de Sitter space. Therefore, we have two unit spherical normal bundles N(S t ; −1) and N(S t ; 1) over S t . Since S t = X(U × {t}) is a codimension one spacelike submanifold in W, there exists a unique timelike future directed unit normal vector field n
Then we have a spacelike unit
We call LG a world lightcone Gauss map of N 1 (W ), where W = X(U × I). A momentary lightcone Gauss map of N 1 [S t ] is defined to be the restriction of the world lightcone Gauss map of N 1 (W ):
This map leads us to the notions of curvatures. Let
be the canonical projection. Then we have a linear transformation
which is called the momentary lightcone shape operator of
On the other hand, for t 0 ∈ I, we choose a spacelike unit vector field n S along W = X(U × I) at least locally such that n S (u, t 0 ) ∈ N 1 (S t 0 ). Then we have n S , n S = 1 and
, which is called a momentary lightcone Gauss map of S t 0 = X(U × {t 0 }) with respect to n S . Under the identification of S t 0 and U × {t 0 } through X, we have the linear mapping provided by the derivative of the momentary lightcone Gauss map LG(S t 0 ; n S ) at each point p = X(u, t 0 ),
Consider the orthogonal projection π t :
We call the linear transformation
be the eigenvalues of S p (S t 0 ; n S ), which are called momentary lightcone principal curvatures of S t 0 with respect to n S at p = X(u, t 0 ). Then a momentary lightcone Lipschitz-Killing curvature of S t 0 with respect to n S at p = X(u, t 0 ) is defined as follows:
We say that a point p = X(u, t 0 ) is an n S -momentary lightcone umbilical point of S t 0 if
We say that W = X(U × I) is totally n S -lightcone umbilical if each point p = X(u, t) ∈ W is an n S -momentary lightcone umbilical point of S t . Moreover, W = X(U × I) is said to be totally lightcone umbilical if it is totally n S -lightcone umbilical for any n S . We deduce now the lightcone Weingarten formula. Since S t 0 = X(U × {t 0 }) is spacelike submanifold, we have a Riemannian metric (the first fundamental form ) on S t 0 defined by
We also have a lightcone second fundamental invariant of S t 0 with respect to the normal vector field n S defined by
By the similar arguments to those in the proof of [7, Proposition 3 .2], we have the following proposition.
Then we have the following lightcone Weingarten formula :
Here, h
so that the representation matrix of S p (S t 0 ; n S ) with respect to the basis
). Therefore, we have an explicit expression of the momentary lightcone Lipschitz-Killing curvature of S t 0 with respect to n S as follows:
Therefore the lightcone second fundamental invariants of S t 0 at a point p 0 = X(u 0 , t 0 ) depend only on the values n T (u 0 ) + n S (u 0 ) and X u i u j (u 0 ), respectively. Therefore, we write
,
Thus, the n S -momentary shape operator and the momentary lightcone curvatures also depend only on n
, which are independent of the derivations of the vector fields n T and n S . It follows that we write
Let κ ℓ (S t ) i (p, ξ) be the eigenvalues of the lightcone shape operator S ℓ (S t ) (p,ξ) , (i = 1, . . . , n− 1). We write κ ℓ (S t ) i (p, ξ), (i = 1, . . . , s) for the eigenvalues whose eigenvectors belong to T p S t and κ ℓ (S t ) i (p, ξ), (i = s + 1, . . . n) for the eigenvalues whose eigenvectors belong to the tangent space of the fiber of
where
On the other hand, by Proposition 3.1, we have
so that we have
Therefore, the representation matrix of S ℓ (S t 0 ) (p 0 ,ξ 0 ) with respect to the basis
Thus, the eigenvalues of this matrix are
On the other hand, we define a mapping LG(S t ) :
which is called a normalized momentary lightcone Gauss map of N 1 (S t ). A normalized momentary lightcone Gauss map of S t with respect to n S is a mapping LG(S t ; n S ) :
LG(S t ; n S )(u)). The normalized momentary lightcone Gauss map of S t with respect to n S also induces a linear mapping d p LG(S t ; n S ) :
under the identification of U × {t} and S t , where p = X(u, t). We have the following proposition.
Proposition 3.3
With the above notations, we have the following normalized lightcone Weingarten formula with respect to n S :
where LG(S t ; n S )(u) = (ℓ 0 (u, t), ℓ 1 (u, t), . . . , ℓ n u, t)).
Proof. By definition, we have ℓ 0 LG(S t ; n S ) = LG(S t ; n S ). It follows that
By the lightcone Weingarten formula with respect to n S (Proposition 3.1), we have the desired formula. ✷
We call the linear transformation S p (S t ; n S ) = −π t • d p LG(S t ; n S ) a normalized momentary lightcone shape operator of S t with respect to n S at p. The eigenvalues
of S p (S t ; n S ) are called normalized momentary lightcone principal curvatures. By the above proposition, we have κ i (S t ; n S )(p) = (1/ℓ 0 (u, t))κ i (S t ; n S )(p). A normalized momentary LipschitzKilling curvature of S t with respect to n S is defined to be K ℓ (u, t) = det S p (S t ; n S ). Then we have the following relation between the normalized momentary lightcone Lipschitz-Killing curvature and the momentary lightcone Lipschitz-Killing curvature:
where p = X(u, t). By definition, p 0 = X(u 0 , t 0 ) is the n S 0 -momentary umbilical point if and only if S p 0 (S t ; n S 0 ) = κ i (S t 0 ; n S )(p 0 )1 Tp 0 St 0 . We have the following proposition.
Proposition 3.4 For any t 0 ∈ I, the following conditions (1) and (2) are equivalent:
(1) There exists a spacelike unit vector field n S along W = X(U × I) such that n S (u, t 0 ) ∈ N 1 (S t 0 ) and the normalized momentary lightcone Gauss map LG(S t 0 ; n S ) of S t 0 = X(U × {t 0 }) with respect to n S is constant.
Proof. Suppose that the condition (1) holds. We consider a function F : U −→ R defined by 0) . We remark that HP (v, 0) does not contain timelike vectors. This is a contradiction. So we have n T (u, t), v = 0. We now define a vector field along W = X(U × I) by
We can easily show that n S (u, t), n S (u, t) = 1 and n
Lightcone height functions
In order to study the geometric meanings of the normalized lightcone Lipschitz-Killing curvature K ℓ (S t ; n S ) of S t = X(U × {t}), we introduce a family of functions on M = X(U). A family of lightcone height functions H : U × (S n−1 + × I) −→ R on W = X(U × I) is defined to be H((u, t), v) = X(u, t), v . The Hessian matrix of the lightcone height function h (t 0 ,v 0 ) (u) = H((u, t 0 ), v 0 ) at u 0 is denoted by Hess(h (t 0 ,v 0 ) )(u 0 ). The following proposition characterizes the lightlike parabolic points and lightlike flat points in terms of the family of lightcone height functions. 
. The converse also holds. For the proof of the assertions (2) and (3), as a consequence of Proposition 3.1, we have
By definition, K ℓ (S t 0 ; n S )(u 0 ) = 0 if and only if det (h ij (S t 0 ; n S )(u 0 )) = 0. The assertion (2) holds. Here, p 0 is a flat n S 0 -umbilical point if and only if (h ij (S t 0 ; n S )(u 0 )) = O. So we have the assertion (3) . ✷
We also define a family of functions H : U ×(LC
We call H a family of extended lightcone height functions of W = X(U × I). Since ∂ H/∂u i = ∂H/∂u i for i = 1, . . . , s and Hess( h (t,v) ) = Hess(h (t, v) ), we have the following proposition as a corollary of Proposition 4.1. 
The assertions (2) and (3) directly follows from the assertions (2) and (3) of Proposition 4.1. ✷ Inspired by the above results, we define a mapping LP(S t ) :
We call it a momentary lightcone pedal map of S t . Moreover, we define a map LP :
which is called an unfolded lightcone pedal map of W.
Contact viewpoint
In this section we interpret the results of Propositions 4.1 and 4.2 from the view point of the contact with lightlike hyperplanes. Firstly, we consider the relationship between the contact of a one parameter family of submanifolds with a submanifold and P -K-equivalence among functions (cf., [3] ). Let U i ⊂ R r , (i = 1, 2) be open sets and g i : (U i × I, (u i , t i )) −→ (R n , y i ) immersion germs. We define t 1 ) is of the same type as the contact of Y 2 with the trivial family of V (f 2 ) at (y 2 , t 2 ) if there is a diffeomorphism germ Φ : (R n ×I, (y 1 , t 1 )) −→ (R n ×I, (y 2 , t 2 )) of the form Φ(y, t) = (φ 1 (y, t), φ 2 (t)) such that Φ(Y 1 ) = Y 2 and Φ(V (f 1 )×I) = V (f 2 )×I. In this case we write K(Y 1 , V (f 1 )×I; (y 1 , t 1 )) = K(Y 2 , V (f 2 ) × I; (y 2 , t 2 )). We can show one of the parametric versions of Montaldi's theorem of contact between submanifolds as follows:
Proposition 5.1 We use the same notations as in the above paragraph. Then
Since the proof of Proposition 5.1 is given by the arguments just along the line of the proof of the original theorem in [13] , we omit the proof here.
We now consider a function h v : R 
By Proposition 4.2, we also have relations that
for i = 1, . . . , s. This means that the lightlike hyperplane h 0 , t 0 ) . The lightlike hypersurface HP ( v 0 , v 0 ) is said to be a tangent lightlike hyperplane of S t 0 = X(U × {t 0 }) at p 0 = X(u 0 , t 0 ), which we write T LP (S t 0 , v 0 , ξ 0 ) ), where v 0 = LP(S t 0 )(u 0 , t 0 ). Then we have the following simple lemma.
if and only if
By definition, LP((u 1 , t 1 ), ξ 1 ) = LP((u 2 , t 2 ), ξ 2 ) if and only if
Eventually, we have tools for the study of the contact between spacelike hypersurfaces and lightlike hyperplanes. Since we have h v (u, t) = h v • X(u, t), we have the following proposition as a corollary of Proposition 5.1.
, p i ) (i = 1, 2) be world sheet germs and v i = LP (S t i , LP(S t i )((u i , t i ), ξ i )) and W i = X i (U × I). Then the following conditions are equivalent:
Big wave fronts
In this section we apply the theory of big wave fronts to the geometry of world sheets in LorentzMinkowski space. Let F : (R k × (R n × R), 0) → (R, 0) be a function germ. We say that F is a non-degenerate big Morse family of hypersurfaces if
We simply say that F is a big Morse family of hypersurfaces if ∆ * (F ) is non-singular. By definition, a non-degenerate big Morse family of hypersurfaces is a big Morse family of hypersurfaces. Then Σ * (F ) = ∆(F ) −1 (0) is a smooth n-dimensional submanifold germ. 
We subtract the first row by multiplied by X 0 /v 0,0 from the second row, and we also subtract the first row multiplied by (X 0 ) u i /v 0,0 from the (2 + i)-th row for i = 1, . . . , s. Then we have
and rank C ′ = s + 2. Therefore rank B(u 0 , v 0 , t 0 ) = s + 1. This completes the proof. ✷
We now consider the (n+1)-space R n+1 = R n ×R and coordinates of this space are written as (x, t) = (x 1 , . . . , x n , t) ∈ R n × R, which we distinguish space and time coordinates. We consider the projective cotangent bundle π :
, we have homogeneous coordinates
Then we have the canonical contact structure K on P T * (R n × R). For the definition and the basic properties of the contact manifold (P T
) (t ∈ R) a momentary front (or, a small front) for each t ∈ (R, 0), where π 1 : R n × R → R n and π 2 : R n × R → R are the canonical projections defined by π 1 (x, t) = x and π 2 (x, t) = t respectively. In this sense, we call L a big Legendrian submanifold. We say that a point p ∈ L is a space-singular point if rank d(π 1 •π| L ) p < n and a time-singular point if rank d(π 2 •π| L ) p = 0, respectively. By definition, if p ∈ L is a Legendrian singular point, then it is a space-singular point of L.
The discriminant of the family W t (L) is defined as the image of singular points of π 1 | W (L) . In the general case, the discriminant consists of three components: the caustic C L = π 1 (Σ(W (L)), where Σ(W (L)) is the set of singular points of W (L) (i.e, the critical value set of the Legendrian mapping π| L ), the Maxwell stratified set M L , the projection of self intersection points of W (L); and also of the critical value set ∆ of π| W (L)\Σ(W (L)) (for more detail, see [8, 12, 18] ). We remark that ∆ is not necessary the envelope of the family of smooth momentary fronts W t (L). There is a case that π −1
has singularities, so that ∆ is the set of critical values of the family of mapping
For any Legendrian submanifold germ i : (L, p 0 ) ⊂ (P T * (R n × R), p 0 ), it is known there exists a generating family (cf., [1] ). Let F : (R k × (R n × R), 0) → (R, 0) be a big Morse family of hypersurfaces. Then Σ * (F ) = ∆(F ) −1 (0) is a smooth n-dimensional submanifold germ. We have a big Legendrian submanifold L F (Σ * (F )) (cf., [1, 15, 17] ), where
and
It is known that any big Legendrian submanifold germ can be constructed by the above method. With this notation, the big Morse family of hypersurfaces is non-degenerate if and only if (π 2 • π)
is an integral submanifold of the canonical contact structure K.
We now consider an equivalence relation among big Legendrian submanifolds which preserves the discriminant of families of small fronts. We now consider the following equivalence relation among big Legendrian submanifold germs:
) be big Legendrian submanifold germs. We say that i and i ′ are space-parametrized Legendrian equivalent (or, briefly s-P -Legendrian equivalent) if there exist diffeomorphism germs Φ :
′ as set germs, where Φ :
is the unique contact lift of Φ. We can also define the notion of stability of Legendrian submanifold germs with respect to s-P -Legendrian equivalence which is analogous to the stability of Lagrangian submanifold germs with respect to Lagrangian equivalence (cf. [1, Part III] ). We investigate s-P -Legendrian equivalence by using the notion of generating families of Legendrian submanifold germs. Let f , g : (R k ×R, 0) → (R, 0) be function germs. We say that f and g are P -K-equivalent if there exists a diffeomorphism germ Φ : 0) be function germs. We say that F and G are space-P -K-equivalent (or, briefly, s-P -Kequivalent) if there exists a diffeomorphism germ Ψ :
The notion of P -K-versal deformation plays an important role for our purpose which has been introduced in (cf., [2, 3] ). We define the extended tangent space of f : (R k × R, 0) → (R, 0) relative to P -K by
Then we say that F is infinitesimally
We can show the following theorem analogous to those in [6, 18] . We only remark here that the proof is analogous to the proof of [1, Theorem in §21.4]. F ) ) and L G (Σ * (G)) are s-P -Legendrian equivalent if and only if F and G are stably F ) ) is s-P -Legendre stable if and only if F is an infinitesimally P -K-versal deformation of f = F | R k ×{0}×R .
Since the Legendrian submanifold germ i : (L, p) ⊂ (P T * (R n ×R), p) is uniquely determined on the regular part of the big wave front W (L), we have the following simple but significant property of Legendrian immersion germs [17] .
The assumption in Proposition 6.3 is a generic condition for i, i ′ . Especially, if i and i ′ are s-P -Legendre stable, then these satisfy the assumption. Concerning the discriminant of the families of momentary fronts, we define the following equivalence relation among big wave front germs.
. Remark that an s-P -diffeomorphism among big wave front germs preserves the diffeomorphism types the discriminants. By Proposition 6.3, we have the following proposition. 
Remark 6.5 If we consider a diffeomorphism germ Φ : (R n × R, 0) → (R n × R, 0) defined by Φ(x, t) = (φ 1 (x, t), φ 2 (t)), we can define time-Legendrian equivalence among big Legendrian submanifold germs. We can also define time-P -K-equivalence among big Morse families of hypersurfaces. By the arguments similar to the above paragraphs, we can show that these equivalence relations describe the bifurcations of momentary fronts of big Legendrian submanifolds. In [17] Zakalyukin classified generic big Legendrian submanifold germs by timeLegendrian equivalence. The notion of time-Legendrian equivalence is a complementary notion of space-Legendrian equivalence.
We have the following theorem on the relation among big Legendrian submanifolds and big wave fronts. Theorem 6.6 Let F : (R k × R n × R, 0) −→ (R, 0) and G : (R k ′ × R n × R, 0) −→ (R, 0) be big Morse families of hypersurface such that L F (Σ * (F )) and L G (Σ * (G)) are s-P -Legendrian stable. Then the following conditions are equivalent: (1) L F (Σ * (F )) and L G (Σ * (G)) are s-P -Legendrian equivalent, (2) F and G are stably s-P -K-equivalent, (3) f (q, t) = F (q, 0, t) and g(q ′ , t) = G(q ′ , 0, t) are stably P -K-equivalent, (4) W (L F (Σ * (F ))) and W (L G (Σ * (G))) are s-P -diffeomorphic.
Proof. By the assertion (1) o f Theorem 6.2, the conditions (1) and (2) are equivalent. By definition, the condition (2) implies the condition (3). It also follows from the definition that the condition (1) implies (4) . We remark that all these assertions hold without the assumptions of the S-P -Legendrian stability. Generically, the condition (4) implies the condition (1) by Proposition 6.4. Of course, it holds under the assumption of S-P -Legendrian stability. By the assumption of s-P -Legendrian stability, the big Morse families of hypersurface F and G are infinitesimally P -K-versal deformations of f and g, respectively (cf., Theorem 6.2, (2)). By the uniqueness result of the infinitesimally P -K-versal deformations (cf., [3] ), the condition (3) implies the condition (2) . This completes the proof. ✷ Remark 6.7 (1) If k = k ′ and q = q ′ in the above theorem, we can remove the word "stably" in the conditions (2),(3). (2) s-P -Legendrian stability for L F (Σ * (F )) is generic for n ≤ 5. (3) By the remark in the proof of the above theorem, the conditions (1) and (4) are equivalent generically for a general dimension n without the assumption on s-P -Legendrian stability. Therefore, the conditions (1), (2) and (4) are all equivalent to each other generically.
We now return to our situation. Since the extended lightcone height functions family H : U × (LC * × I) −→ R is a non-degenerate big Morse family of hypersurfaces, we have the corresponding big Legendrian submanifold L H (Σ * ( H)) ⊂ P T * (LC * × I). By Proposition 4.2, we have Σ * ( H)) = {(u, LP(S t )((u, t), ξ), t) | (u, t) ∈ U × I, ξ ∈ N 1 [S t ] p , p = X(u, t)} = {(u, LP((u, t), ξ)) | (u, t) ∈ U × I, ξ ∈ N 1 [S t ] p , p = X(u, t)}.
It follows that π(L H (Σ * ( H))) = LP(N 1 (W )) ⊂ LC * × I. Therefore, the image of the unfolded lightcone pedal is a big wave front.
We apply the above theorem to our situation.
Theorem 6.8 Let X i : (U × I, (u i , t i )) −→ (R n+1 1 , p i ) (i = 1, 2) be world sheet germs and v i = LP(S t i )((u i , t i ), ξ i )) and W i = X i (U × I). Suppose that the Legendrian submanifold germs L H i (Σ * ( H i )) ⊂ P T * (LC * × I) are s-P -Legendrian stable. Then the following conditions are equivalent:
(1) L H 1 (Σ * ( H 1 )) and L H 2 (Σ * ( H 2 )) are s-P -Legendrian equivalent, (2) h 1,v 1 and h 2,v 2 are P -K-equivalent, (3) H 1 and H 2 are s-P -K-equivalent, (4) LP 1 (N 1 (W 1 )) and LP 2 (N 1 (W 2 )) are s-P -diffeomorphic, (5) K(W 1 , T LP (S t 1 , v 1 , ξ 1 ) × I; (p 1 , t 1 )) = K(W 2 , T LP (S t 1 , v 2 , ξ 2 ) × I; (p 2 , t 2 )).
Proof. Since LP i (N 1 (W i )) are big wave fronts of L H i (Σ * ( H i )) (i = 1, 2) respectively, we can apply Theorem 6.6 and obtain that the conditions (1), (2), (3) and (4) are equivalent. By Proposition 5.3, the conditions (2) and (5) are equivalent. This completes the proof. ✷
